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Electrons confined to a double quantum well and driven by a strong laser have interesting properties"' 0 . An electron that has been, at a given time, localized in one of the wells will oscillate back and forth between them. Grossmann, Dittrich, Jung, and Hanggi' 3 have shown that a laser with appropriate parameters can prevent this oscillation and keep the electron in the well in which it was initially located. The points {(,E} (w and E are the laser frequency and electric field amplitude) for which this electron localization takes place were called 7 points of accidental degeneracy (AD). They are given by a simple equation, relating E to o, whose validity has been established under a variety of conditions' 1 - 6 9 . The Fourier transform i(fl) of the induced dipole, which determines light emission or absorption by the structure, also has unusual features. If ({,E) are AD points g±(Q) has 7 -8 intense lines at the frequencies 2no), where n is an integer. This even-harmonic generation is intriguing:
the Hamiltonian of the structure is symmetric and such emission is forbidden in all orders of a perturbation theory expansion in the field strength. Approximate equations for the i±Laensi~y of these harmonics were derived by Ivanov, Corkum and Dieterich 9 " 1 0 . If the laser parameters are near an AD point j.(f() has a very intense low frequency component 7 " 8 whose frequency A can be tuned by changing E or (o, or by applying a voltage 1 0 across the structure. This low frequency generation (LFG) is caused by the coherent oscillation of a major part of the electron density from one well to another. Equations for A are available 9 .
In this letter we study the response of an electron in a double quantum well driven by two lasers having the frequencies co, and W 2 . We show that the two lasers are capable of maintaining electron localization and generating low frequency radiation.
Numerical solutions of the time dependent Schrddinger equation for an electron in a double quantum well show that, under the conditions used here, the behaviour of the electron is adequately represented by a two level system. Because of this we have confined this study to a two level system whose parameters are chosen to represent a double quantum well. Analytical results are obtained by using an asymptotic method developed by Dakhnovskii et a1 9 . They are valid when v m (0)2 -C0)/Co2 and 2d/hwlk (2 E is the energy difference between the levels) are small.
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We use the Hamiltonian:
H=e{ I lXi I-I 2X21 )} -{I 1X21 1 -12XI I )} 2 E(t)=eaz-gj 2 E(t)ax.
(1)
Here 12 ) and I1 ) are the ground and first excited states of the electron in the double well, respectively, and a, and a, are Pauli matrices. The zero of energy is halfway between the energy levels el and E 2 , and 2c =l -e2. The electric field in (1) is given by
and the induced dipole is:
where I W,,t) is the wave function of the system at time t.
The equations of motion for g(t) is 9
with
We use the variable 'r=wit.
To obtain information about (Ot), for the initial condition grt=O)=9± 12 , we expand the right hand side of Eq. (4) in a power series in (20o=i), identify the largest terms in this expansion and resume them. This procedure was used previously 9 , 10 for the case when the system was driven by one laser. The result, for the two laser case, is
and ei=2 •± 12 E-bwi. This expression for ýt contains only the terms that were resumed; the others are small, if (2E/ho 1 ) 2 <<1, and are being ignored. The procedure gives the low frequency part of g(t), hence the Eqs. (6) and (7) can be used to study localization (zero frequency) and low frequency generation.
Tf v = 0 the system is driven by one laser having the electric field intensity E=E 1 +E 2 and the frequency w = w, =W2. For this this case the Eqs. (6) and (7) become
and e=2 jL 1 2 E/hca. If Jo(e) = 0 the leading part of g(t), given by Eq. (8), becomes time independent and equal to I'12. This means that dup to the laser action the system is, at all times, in one of the states 2-1/2 [I1) ±12)]; in either state, the electron is localized in one of the wells. Thus, the AD points are given by Jo(e) = 0.
The induced dipole given by Eq. (8) oscillates with the frequency A. By choosing {ow,E} arbitrarily close to an AD point we can make a arbitrarily small. This is the low frequency generation (LFG) mentioned earlier in this article. LFG takes place because we work with laser parameters which are almost able to localize the electron. As the localization fails the whole electron density drifts slowly (on the time scale A"1) from one well to another; this oscillation, of practically the whole charge over the large distance between the wells, has a very high dipole.
We examine next what happens when the electron is driven by two lasers. We consider that the electron is localized in one of the wells if 9(tE) >0.95•912 for T < 500.
Thus we require that the induced dipole is very close to the maximum value g12, which can be reached only if the greatest fraction of the charge density is localized in one of the wells. The definition used in prior work required W-0) = 912 at all times. Complete localization for an infinite time is possible only in idealized models which ignore various, practically unavoidable, incoherent processes. For this reason we prefer the definition provided by Eq. (10).
g(r) depends on the parameters el, e 2 ,v and 2e/hco. We will explore this large parameter space selectively. In Fig. 1 In Fig. 2 we show the localization regions in the plane {el, e 2 ). These form strips lined up along the zeros of the Bessel function J 0 . The missing points in the lower left part of the graph are real: we have searched for localization points there and found none.
Finally, in Fig. 3 we show the low frequency part of 90Q foj dt e-iot W(t-t') g~t)
(1
W(t-t') is a Gaussian window function and g(Q)
has peaks of Gaussian shape (i.e. the transform of the window function) centered at the frequencies of the Fourier components of 4(t). In Fig. 3 we give only the peak heights and positions. The parameters for which the spectrum has been calculated correspond to the cross in Fig. 1 , which is a point near the "finger" corresponding to the localization points.
In the system driven by one laser the choice of parameters near the AD points lead to low frequency generation 7 " 9 . This is also true in the two laser case: low frequency generation occurs for all points near those leading to localization. The physical reason for this is simple. At these points the lasers are almost capable of localizing the electron.
As they fail the electron density drifts slowly from one well to another. This slow drift corresponds to a large dipole oscillating with a very low frequency 8. In this particular calculation 8 = I cm" 1 . The figure also shows what we have called, in our previous work 7 " 9 shifted harmonics, which are Fourier components at the frequencies n(Wo 2 -o• 1 ) ±
S. As the parameters approach the regions where localization occurs 8 becomes smaller
and ultimately goes to zero; furthermore, the shifted harmonics get closer and closer and ultimately collapse. We have plotted here only the low frequency part of the Fourier transform. At higher frequencies shifted harmonics centered around n co, and n 0)2 are also present.
The low frequency part of the spectrum can be understood from Eqs.(6) and (7).
Indeed, fRT) given by Eq. (7) can be expanded as[1 3 ] f•t) a (2e/ho 1 )XJo(e 1 ) Jo(e 2 )yc+ 7 an sin(nvT) / nv). (12) n=1 with an =2 (-1)n Jn(el) Jn(e 2 ). The leading term in Eq. (12) is
which grows (when Jo(ej) Jo(e 2 ) * 0) indefinitely with time, while the other terms are bound. Moreover, the amplitudes Jn(e 1 )Jn(e 2 ) / nv are small if v is not too close to zero.
Introducing this in Eq. This equation is not exact. It is based on Eqs. (6) and (7), which are obtained by collecting the largest low frequency terms in 4(t). For this reason the formula does not contain the high frequency components of ( such as, for example, the shifted harmonics at the frequencies n c0 1 . The formula predicts that the amplitudes of the terms with frequencies (8+v),] and (8-v),r are equal. The numerical results shown in Fig. 3 give nearly equal intensities as predicted.
Taking the limit v -> 0 in Eq. (12) , which corresponds to one laser with the intensity parameter e=el+e 2 leads to 00 ff') -> (2r.
•03)){J 0 (ej) J 0 (e 2 )+ 2: 2 (-1)n JW(e 1) Jn(e 2 ) ) -.
(17) n=l The factor multiplying -must equal A given by Eq. (9) . Indeed this is the case since the expression in the curly brackets is equal to Jo(el+e2)14.
In this article we have shown that an electron confined to a double quantum well and driven by two lasers whose frequencies are closed to each other, can be localized or forced to emit or absorb low frequency radiation. In the case when the two frequencies are almost equal (i.e. when v = (0 2 -(0 1 )/w 1 is almost zero), the present results are a simple extension of those obtained in the case when the electron is driven by one laser. (6) and (7)] in the parameter space (v, e 1 }, for which electron localization occurs. We used e,=e 2 and 2E/1Io1 = 0.1 and 0)1 =100 cm"1. (6) and (7)] in the parameter space {el,e 2 ) for which electron localization occurs. We used 2&A1w = 0.1, v = 0.1 and (1=100 cmr 1 . 
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